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Abstract. In this paper we prove that the following fifth order equation arising from the 
KdV hierarchy 

d t u + dlu + cidxudlu + c 2 udtu = rliXl^l 
u(Q,x) = u {x) u eH s (R) 

is locally well-posed in H S (M.) for s > |. Also, we prove the solution map of the equation is 
not uniformly continuous. 



1. Introduction 

The Korteweg de Vries(KdV) equation has a fascinating property called complete inte- 
grability in the sense that there is a Lax pair formulation of equations (or a bi-Hamiltonian 
structure). As is well known, this generates a hierarchy of Hamiltonian equations of order 
2j + 1 and the corresponding Hamiltonians. Due to bi-Hamiltonian structure the flow of each 
equation conserves every Hamiltonian in the hierarchy. In particular, the KdV equation has 
infinitely many conservation laws and so does (II. ip . The followings are first a few equations 
and their Hamiltonians with respect to one of two Hamiltonian structures. 

d t u - d x u = 0, J ^u 2 

dtu — d x u — Qud x u = 0, J — ^(d x u) 2 + u 3 

/l 5 
-d^u 2 - bud x u 2 + -u 4 (1.1) 



In this paper, we consider the initial value problem of the fifth order equation (II. ip in 
the hierarchy. Though the theory of complete integrability yields the global existence for 
Schwartz initial data and the soliton resolution phenomena, the well-posedness problem for 
low regularity initial data (or in the non-integrable case) is a very different problem, requiring 
the theory of dispersive PDE. The following equation generalizes (II. ip to non-integrable case. 

dtu + d^u + c\d x ud 2 u + C2ud 3 u = (12) 
u(0, x) = uq(x) 
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where u : Mf x M x — > K and ci, C2 are real constants. 

We note that (II. 2p also models several higher order water wave physics (see, for instance, pQ, 

Ei- na.). 

We consider the local well-posedness problem and a bad behavior of the flow map with the 
initial data in Sobolev space H S (M). Our first result is the local well-posedness for s y> ^ , as 
stated in the following theorem. 

_10 

Theorem 1.1. Let s > |. For any uq G H s (R), there exists a time T > \\uq\\ hs 3 and a 
unique solution u for the fifth order KdV equation (II. 2p satisfying 

u G C([0,T},H s (R)) d^u G ^([O.rj.L 00 ^)). 

Moreover, for any R > 0, the solution map uq i— > u{t) is continuous from the ball {uq G 
H S (R) : \\u \\ H s < R} to C([0,T],H s (R)). 

Unlike the KdV equation, the local well-posedness problem cannot be solved by the con- 
traction principle if we assume the initial data is in H s . (In [10], [TT] Kenig, Ponce and Vega 
proved the local well-posedness for a general dispersive equation with well-decaying initial 
data «o £ H S (R) n L 2 (\x\ m alx) for some large s,m > using the contraction principle.) 
The following linear local smoothing is due to Kenig, Ponce and Vega [8]. 

||^e n (x)|| L oo L 2 < \\u \\ Ll . 

One can observe the smoothing effect recovering two derivatives (J = 2) is not enough for 
the nonlinear term ud^u. The fact that the nonlinear term has more derivatives than can be 
recovered by the smoothing effect causes a strong interaction between low and high frequencies 
data. This type of phenomenon is observed earlier in other dispersive equations, such as 
the Benjamin-Ono(BO) equation and the Kadomtsev-Petviashvili-I(KP-I) equation. In |16j . 
|17j Molinet, Saut and Tzvetkov showed that the solution maps of these two equations are 
not C 2 using examples localized in low and very high frequency. This already implies that 
Picard iteration is not available, since if it were the solution map would be real-analytic. 
Furthermore, in [13], p3] Koch and Tzvetkov proved that the solution maps of these two 
equations are not uniformly continuous using the same low and high frequency nonlinear 
interaction. Our second result is an analog of theirs to the equation (jl.2p . 

Theorem 1.2. Let s > |. Then, there exist constants c, C and two sequences (u n ) and (v n ) 
of solution of the fifth order equation (II. 2D such that for every t G [0, 1], 

sup \\u n (t, -)\\hs + sup \\v n (t, -)\\ H s < C, 

n n 

(u n ) and (v n ) satisfy initially 

lim ||u n (0, ■) - v n (0, = 0, 

n— >oo 

But, for every t G [0, 1], 

liminf \\u n (t, •) - v n (t, -)\\m > c\t\. 

n— >oo 

Moreover, if the equation (jl.2p satisfies that for all t, 

• the L? conservation law in the sense that \u{£)\ifi = ||w(0)||^2 
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• an H conservation law in the sense that 



^ h(0)||#3 for small ||u(0)||fl| 



then the same conclusion holds true for s > 0. 

Note that the fifth order KdV equation (jl.ljl satisfies these conditions. 

In observance of the negative behavior of the solution map, one expects to prove the local 
well-posedness by the compactness method. Previously, in [19] Ponce proved the local well- 
posedness for Sobolev initial data uq € H s (M.),s > 4. Our result is an improvement of 
Ponce's. Our proof of the local well-posedness is based on the energy method combining with 
available global and local smoothing estimates. So, our basic strategy is the same as Ponce's. 

One difficulty of (jl.2p . which doesn't appear in the BO or the KP-I equation, is multi- 
derivatives in nonlinear terms, especially ud^u. The standard energy estimate gives only the 
following: 



because multi-derivatives may split when we take integrations by parts. 

The last term is not favorable since it is a higher Sobolev norm than supposed to be. In 
Section [3] we modify the energy by adding a correctional term to cancel out the above last 
term. This idea is used several times in our analysis, actually whenever we take inner product 
to find the control of the time increment of a norm of a solution. In addition to this, we use 
the time chopping idea with respect to frequencies to improve the linear Strichartz estimate 
with a global smoothing effect. This idea was introduced by Koch and Tzvetkov [12] and 
improved by Kenig and Koenig [7] in the context of the Benjamin-Ono equation. We also 
use Kato's local smoothing estimate complemented by the maximal function estimate. 
In the proof of Thoerem 11.21 we follow closely |13j for construction of the approximate so- 
lution. Unlike Benjamin-Ono equation, (jl.2p may not have higher order conservation laws. 
Thus, we use well-posedness result for s > |, instead of conservation laws, for proving that 
the approximate solution is a good approximate solution in the H s sense. But in the region 
that well-posedness is unavailable (0 < s < |) we have to assume that there is at least one 
higher conservation law and an 1? conservation law, which (jl.ip satisfies. 

The rest of the paper is organized as follows: in Section [2] we summarize notations and 
standard lemmas for fractional derivatives. In Section [3] we introduce the modified energy 
method to prove the energy estimate. In Section 0] we recall the linear estimates and show 
a refined Strichartz estimate. We also show Kato's local smoothing estimate for nonlinear 
solutions. In Section [5] we give the proof of Theorem 11.11 After getting an a priori bound, 
we use the e-approximate method introduced by Bona and Smith [3] for proving continuous 
dependence. Finally, in Section [6] we show by counter examples the lack of uniform continuity 
of the solution map. 




h Z \\9 3 x u 



d x ud k x +l ud k x + 



u 
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2. NOTATION AND PRELIMINARIES 

We use X < Y when X < CY for some C. We use X ~ Y when X < Y and Y < X. 
Moreover, we use X < s Y if the implicit constant depends on s, C = C(s). 
For a Schwartz function uo(x), we denote the linear solution u(t, x) to the equation dtu+d^u = 
Oby 

u (t, x ) = e- t9 *u {x) =c [ [ e-^ 6 e i{ - x - y Ku Q (y)dyd£. 



Using this notation we have the Duhamel formula for the solution to the inhomogeneous 
linear equation dtu + d^u + F = 

u (t,x) = e- t9 *u {x) - [' e^ t - t '^F(t',x)dt'. 



o 



We use the space-time norm L T L X . 



\U\\ TP Jl 



T 



p/q \ i/p 



\u{t,x)\ q dx\ dtj 



with usual modification for p or q = oo. 

We use the standard mollifier p e . More precisely, let p be a function in Cq°(1R) satisfying 



p > 0, supp E [—1, 1], J pdx = 1. 



For e > 0, we denote /? e (x) := 7/0(7)- For / S ^ oc , denote f e := p e * f . We use the following 
well-known lemma for mollified functions: 

Lemma 2.1. Let f G VF s ' p (M n ) to^/i 1 < p < 00 and f e = p e * f , then for any e > 

ll/ e ||w«+** Zs,t, P e-'WfWw^p fort>0, (2.1) 
||/-/ e ||w— *,p <s,t, P e^lfWws.P for0<t<s. (2.2) 

We denote D s is a homogeneous fractional derivative whose symbol is |£| s , while J s is an 
inhomogeneous derivative whose symbol is (1 + ^ 2 )2. Note ||J s w||^2 = ||u||#s. We use the 
following standard fractional Leibnitz rule and the Kato-Ponce commutator estimate. 

Lemma 2.2. (a) Let < s,s\,S2 < 1 and 1 < p,Pi,p% < 00 be such that i + i = |, and 
si + S2 = s. T/ien 

\\D s (fg) - {D s f)g - f{D s g)\\ LP < P , Pl , P2 ,s, Sl ,s 2 \\D^f\\ LPl \\D s *g\\ LP2 . (2.3) 

Moreover, if S2 = 0, P2 = 00 is allowed, 
(b) Ln particular, for s > 1 

II [^ s ; /]^||iP S,p II V/IIlpx HD'-^llLPa + ||D7 • 5 || L p (2.4) 
where p\ = 00 is allowed. 



For the proof of this lemma, we refer, for instance, [6], [9]. 
In addition, in our analysis for the modified energy estimate we need a generalized form of 
the commutator estimate. 
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Lemma 2.3 (Generalized commutator estimate). Let s > 0. Then 

\\D s {udlv) - uD s {8lv) - sd x uD s {d 2 x v) - S ^ ~ ^ 8 2 x uD s {d x v)\\ L 2 

< s \\dlu\\ L ^\\D s v\\ L 2 + \\d%v\\ L ~\\D s u\\ L 2, 
\\D s {d x ud 2 x v) - d x uD s (d 2 x v) - sd 2 x uD s (d x v)\\ L 2 <,||^«IU« WAi? + II^IU- ll-^lk 2 
hold true. 

Proof. This proof is similar to that of the Kato-Ponce commutator estimate, an application 
of the Coifman-Meyer theorem (see [6], [I]). Here we prove only the first one. The second one 
is proved in the same way. Let cr(£i, £2) be the symbol of the pseudo-differential operator. 
More precisely, 

<t(£i,6) = i 3 {|& + &|*£f - - ^il&l^i - 

D s (udlv) - uD s {8lv) - sd x uD s {d 2 x v) - S ^ S ~ ^ d 2 x uD s (d x v){x) 

= cj J e fa * 1 ^ a V(6,&)2(ei)u(&)deide a 
As usual, we decompose a into low-high, high-low, high-high paraproduct 

= o-i h (£i,&) +o-/ih(Ci,6) +crw(Cl,6) 

0"fc(£l,6) = • (Jr^j suppnih C [-1/3,1/3] 

suppTTfcft C [1/4,4] U [-4,-1/4] 
supp Tt M C (-00, -3] U [3, 00) 

TTfc > 7T^ + 7TM + TVhl = 1 fc = ^, flh, hi 

We are going to show the inequality for each case. To prove aih and a hi we need to use the 
following lemma due to Coifman and Meyer. 

Lemma 2.4 (Coifman-Meyer 0j). Let a e C°°(M m x W m - {(0,0)}) satisfy 

<a,/3 (|6 + 6|) Ha|H/ " (2-5) 
for (£1,^2) 7^ (0,0) and any a, (3 G (Z + ) m . If a(D) denotes the bilinear operator 

a{D) (u,v) (x) = [ [ e^+bMtu&M&M&dtide* 



then 

\\a(D)(u,v)\\ L 2 < \\u\\ L °° \\v\\ L 2 

At first, we consider the low- high paraproduct. In this case we need to use cancellation of 
terms in the symbol aih- Since £1,^2 are restricted to the region |£i| < 5IC2I) one can rewrite 
the first term of a^ as 
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|£i + 6l s £ 2 3 



el 16 1 



1 + 



e?i6i 



+ 



+ 



sis 



:> 1 ■ + 



^(^i{0(i) 3 +C)(i) 4 + 



K)(tM0(t) 2 + 



Since < 1/3 1^1) this infinite series converges absolutely and so are their partial derivatives. 
Furthermore, one can easily ch 
by the Coifman-Meyer lemma 



Furthermore, one can easily check that aih{£,i, £ 2 ) ^yi^s satisfies the condition (|2.5p . Thus, 



e ix ^ + ^a lh (^^ 2 ) 3 , s dM^)D s v^ 2 )d^ 2 \\ L2 < \\d 3 x u\\ L ~\\D s v\\ L 2. 

Next, we turn to the high-low paraproduct a hi (i.e. |£i| > 3|^2|) • In this case we estimate 
each of four terms in Ohi separately. The first term in a hi (multiplying by mL-n ) can be 
written as 



niu* au^ ^ 



V ^I) = ( 1 + |) S ^ (I 



which is smooth and satisfies the condition (|2,5p . Thus, by the Coifman-Meyer lemma 
H J J elx{ilH2 ^il\^+p\ hi ^ D^u^ x )^ 2 )d^ 2 \\ L , < \\%v\\ L -\\D'u\\v. 



For other symbol terms i 3 t;± 161*^2 k ^ = ^i 1; 2, we divide by (i^i ) a | ^"2 [ s to obtain 



„'3efc|t \sc3-k / t \ 3-fe 



for fe = 0, 1, 2. Since these symbols satisfy (|2.5[) . we get 



;2y 



In the high-high paraproduct case, |£i + £2| s £f nas singularities on £1 = —£2 line. So, it's 
not a smooth Coifman-Meyer multiplier. But this case can be proved using Littlewood-Paley 
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operators. Let Pjy be a Littlewood-Paley projection into frequency £ ~ N where N is a 
dyadic number. It suffices to estimate 

\\D s (ud 3 x v)\\ L2 ~ || E D s (P N uP M d 3 x v)\\ L2 . 

N N/4<M<4N 

Set Pjv := J2n/4<m<4M ^m- Using the Littlewood-Paley inequality and ^2 N Pn = 5 
\\D s (ud 3 x v)ir hh \\ L 2 ~ H^D^PArnPjv^)!!^ 

TV 

S E II E h-m[D s {P N uP N dlv)]\\ L , 

j N 

% E (^^-^mPNUPNdlvMl^ 1 ' 2 
j N 

s E (E m- j Nyp N u? N %v)\\i? 1/2 
<E 2 " is (E^ii^*n^iii^ 1/2 

i at 

s 11^11^11^11^. 

, \ 3-fc 

£2 



The other terms in the high- high paraproduct, ( ^hh(£,i/^2), are Coifman- Meyer 

multipliers and can be estimated as high-low case. 

□ 



3. MODIFIED ENERGY 



In this section, we prove an energy estimate for local solutions. We want to control the 
time increment of ||I? s tt(i)||^2 using itself and other norms of the same size. But due to multi- 
derivatives in the nonlinear terms (especially, ud x u) the standard energy method (combining 
with the commutator estimate in the fractional derivative case) gives only 



Ud s u 
dt u 



h ><\\d 3 x u\\L~\\D S u(t)\\Ll + 



d r uD s d r uD s d r u 



The last term of which is not favorable. We use some modification of the energy in order to 
cancel out the last term. 

Proposition 3.1. Let s > 1 and u(t,x) be a Schwartz solution to the equation (|1.2j) . Define 
the modified energy 

E s {t) := \\D s u{t)\\ 2 L2 + \\u{t)\\ 2 L2 + a s J u(t) D s ' 2 8 x u{t) D s ~ 2 %u(t) . 
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Then, there exist constants a s , C and C so that if \\u(t)\\H§. < min(|, j^ru)' then 



1 || ^ii ii2 

-|p||_f/s < E s < - W^Wh 3 
d 



dt 



Es{t) < s \\d 3 x u\\ L ™E s (t) 



and so if \\u\\l°° ifj < min^, ^-), ^en 



sup||J s M|| i2 < 3e c, ^l!^ u (*')k-^'||j^(o)|| L2 . 

[o,t] 



(3.1) 
(3.2) 

(3.3) 



Proof. Using Holder inequality and Sobolev embedding the third term of E s is bounded by 



C ■ a s \\u\\^ H s We have 



\\\u{t)\\ 2 m < E s (t) <\\Ht)f H s. 



To prove ()3.2[) one we take D s d 2 derivative on the equation (jl.2p and integrate against D s d 2 u. 

~\\D*uf + OL J D s (ud 3 x u)D s u + c 2 f D s (d x ud 2 x u)D s u = 0. 
To use the commutator estimate we add and subtract terms. 



ci 

+ c 2 

+ 



D s (ud s x u) - uD s ~ 2 dlu - sd x uD s -' 2 d*u 



8(8-1) 



dluD s - 2 dlu 



D s u 



D s {d x ud 2 x u) - d x uD s - 2 {diu) - sd 2 x uD s (dlu] 

c 3 uD s - 2 d^u + c 4 d x uD s - 2 d*u + c b d 2 x uD s ~ 2 dlu 
= : I + 11 + III. 

By Lemma 12.31 

l + ll<\\dlu\\ L o a \\D s u\\ 2 L2 . 
After some integrations by parts we have 



D s u 
D s u 



III 



c 3 uD s - 2 d*u + Ci d x uD s -' 2 d^u + c 5 d' 2 uD s -' z d*u 



D s u 



di I dluD s uD s ~ 2 d 2 x u + d 2 I d x uD s ~ 2 dluD s - 2 dlu. 
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On the other hand, 
d 



dt 



uD s - 2 d T uD s - 2 d T t 



u t D s ~ 2 d x uD s - 2 d x u + / uD s ~ 2 d x u t D s - z d x u 



d 5 x uD s - 2 d x uD s ~ 2 d x u - 2 / uD s - 2 d b x uD s - 2 d x u 



-d J udluD s - 2 d x uD s - 2 d x u + 2uD s ~ 2 [d x ud^u]D s - 2 d x u + 2uD s - 2 [ud^u]D s - 2 d x u 

- C2 J d x ud 2 x uD s - 2 d x uD s - 2 d x u + 2uD s ~ 2 [d 2 x ud 2 x u]D s ~ 2 d x u + 2uD s - 2 [d x udlu]D s - 2 d x u 
=:A + B 

where A is a linear combination of terms of degree of 3 (there are three it's) and B is a 
linear combination of terms of degree 4. We use integrations by parts to change A to a linear 
combination of the following three terms. 

A = - J dluD s - 2 d x uD s ~ 2 d x u -2 J uD s - 2 dluD s - 2 d x u 

= a x J dluD s - 2 d x uD s - 2 d x u + a 2 J dluD s uD s - 2 d 2 x u + a 3 J dluD s - 2 d^uD s - 2 d^u. 

But by direct computation one can easily check a*i = 0. One can choose a s so that 0^-03+^2 = 
0. Then, 



III + A = (c*i + a s a 2 ) j dluD s uD s - 2 d 2 x u < 



%u\\ L ~\\D s u\\ L 2. 



Now we estimate B. First of all, one can easily observe (using Sobolev embedding and 

IK*)lk ^3) 



udluD s - 2 d x uD s - 2 d x u 



s-2. 



+ 



d x ud 2 x uD s - 2 d x uD s - 2 d x u 



s-2. 



< 



||figu||£.[|J'u| 



LI' 



To estimate other terms we use the commutator estimate 



+ud x uD s ~ 2 dluD s - 2 d x u. 
From the commutator estimate and integrations by parts these terms are bounded by 
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Other terms' bounds follow in the same way. Getting everything together and using Gron- 
wall's inequality we have shown 

j t E s (t) <s \\dlu{t)\\ L ooE s {t), 



E s (t) < e^^ u{t '^ dt 'E s (0). 



By d3H]), (JIL3D follows. □ 

4. LINEAR ESTIMATE AND LOCAL SMOOTHING 

In this section we provide the linear estimates and a local smoothing for nonlinear solutions. 
Lemma 4.1 (Strichartz estimate, [9]). Let uo £ L? x . 

||Zr e -^u || L?LE < IKIUs (4.1) 
for —a + | + ^ = ^; < a < 3/g and 2 < q, r < 00. 

The following proposition is a refined version of the Strichartz estimate, introduced by Koch 
and Tzvetkov [12J and improved by Kenig and Koenig [7] in the context of the Benjamin-Ono 
equation. 

Proposition 4.2 (Refined Strichartz estimate, [7]). Let T < and < a. Let u be a 

Schwartz solution to the linear fifth order equation dtu + d^u + F = 0. For any e > 0, 



£a \\D*-*+-^u\\ L¥Ll + \\D^~"^F\\ LlLl + \\u\\ L 2 tLI + \\F\\ l * tL 2 (4.2) 
Remark 4.3. In our analysis, the optimal choice is a = 1. With this (|4.2p gives 



\\d 3 x u\\ L)rLT < \\J s u\\ L¥Ll + || J s - l F\\ L , L% (4.3) 
for s > |, which determines the regularity threshold of our analysis. 

Proof. The proof is very similar to that of the Benjamin-Ono equation given in [7J. Unlike 
the BO equation, from the global smoothing effect of the Strichartz estimate we gain | 
derivatives. We provide the proof for the reader's convenience. 

Let P]\r be a Littlewood-Paley operator where N is a dyadic number and denote Pnu = un- 
By Sobolev embedding and the Littlewood-Paley inequality 

\\ d l U \\L 2 T L^ S',r \\J E dlu\\ L 2 TL r 

^IK^U^I 2 ) 1 / 2 !!^ 

N 

<(En^'^ni^) 1/2 

N 

where e' and r(> 1/e') to be chosen later. 
It suffices to show for r > 2 

\\tituN\y TL r < ll^+^-^iYlU-Zl + \\D^^ a -^F N \\ L%Ll (4.4) 
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for N = 2 k ,k > 1. (The case k = is handled by ||«||l°°l2 + ll-^lli 2 z, 2 by the Strichartz 
estimate and Bernstein's inequality). 

Now, we chop out the time interval into subintervals of unit length. Let [0, T] = Ujlj, Ij = 
[aj,bj] with \Ij\ ~ N~ a . Then the number of j's is 0(TN a ) 
Let q be so that — | + | + f = ^- Using Lemma B~T1 and dtUN + d^ux + Fn = 



\\^ u n\\lU 



1/2 



J 



3 J 

< N-°$-$ E {\\e- {t - a ^dlnN(aM% Ll + II f e-^^F N ^t Ly ^ 12 

• J «/ 0,4 J 

J J 

< jv-(i-i) { ( £ || D -I^ni ?1| ) 1/2 + ( E ( / wnMm^t) 2 ) I/2 } 
z N- aC ^ ] {( E H^^ii^) 1/2 + ( E N ' a I p-^^m s dt) 1/2 } 



< ||D « "utvIIl-lI + H-D « "unWl^li 

< \\D 3 - 3 4+^- 3 ^r UN \\ L¥L2 + ll^-f-T-M^i^H^ 



At the last step we used | = | — Once we get (j4.4|) . for given e > 0, (|4.2p follows by 
choosing e' and r so that e' — < e. 

□ 

Next, we state the maximal estimate for linear solutions proved by Kenig, Ponce and Vega 
Lemma 4.4 (Maximal estimate). Assume uq £ _ff 5 / 4 +»? j or some 77 > 0. Then 

ll -td 5 n ^ ( n —t<9 5 m2 X 1 / 2 , , ,, 

ll e ^0||l2 L?? <; (^2^ ll e xu 0\\L^(l0,T]x[j,j+l))) ~T, V \\Uo\\ H 5/4+ v . 

j 

Next, for solutions to the nonlinear equation (jl.2p we prove the local smoothing estimate. 
This is an analog of Kato's local smoothing for the KdV equation. This approach to (|1.2|) 
was done by Ponce [19], here we improve Ponce's result by adding the modified energy idea 
used in the proof of Proposition 13. 11 
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Lemma 4.5 (Local smoothing estimate). Let s > §. Ze£ / 6e an interval of unit length. If 



u is a Schwartz solution to the fifth order KdV (11 .21) , then 

cT 



Uo l^ 2d ^ 2dxdt ) ZW,' I 1 + 11^11^ + 11^11^^)11^11^^- (4-5) 



Proof. Let <p € C°°(M) be an increasing function whose derivative ft G Cq°, ft > and ft = 1 
on /. Our local smoothing estimate recover two derivatives. We take two steps. First we 
prove a local smoothing estimate recovering one derivative. The claim is the following: 

f [ \D s - 2 d^u\ 2 ftdxdt<^ (l + \\J 3 u\\ 2 Ll LOO + \\J s u\\ L °o L2 ) sup \\J s u\\\ 2 . (4.6) 

JO J T x T X [0,T] 



From QL2 
lrf 
2di 



J D s - 2 d x uD s ~ 2 d x u<j) = j D s - 2 d x d t uD s - 2 d x u$ 
j D s - 2 dlD s - 2 d x u4> + Cl J D s - 2 d x {udlu)D s ~ 2 d x u^ + c 2 j D s ~ 2 d x {d x ud x u)D s ' 2 d x u(, 



=:A + B + C. 
A few integrations by parts show 



A = c j (D s - 2 8 3 x u) 2 ft + c J {D s u) 2 ^ + c j {D s - 2 d x u) 2 ^ 

where the last two terms are O {\\J S \\ 2 L 2 ||d|ii||.Lg°J To estimate B and C we use Lemma [27 
and integrations by parts. 

B = cj D s - 2 {udlu)D s - 2 d x u^ + c j D s - 2 (ud 3 u)D s ~ 2 d x uft 
= 0(\\J s u\\ 2 L 2\\dlu\\ L o.) + c j uD s - 2 dluD s u(f>, 



'u?ft 



j uD s - 2 d x uD s ucj) = c J d x u(D s u) 2 (p + c J u(D s 
= 0(\\J s u\\l 2 J, 

where we used Sobolev embedding. 

Similarly, one can prove that C is also O I \\ J S \\ 2 L 2 {W^^Wl^ + ||«^ s ^||l|) ) • Then, (|4,6p is 



obtained by integrating in time. 

Now, let's prove full local smoothing estimate (|4.5p . For this proof we use a cancellation as 
used in the proof of Proposition 13.11 Define 



E^t) = J {D s u) 2 <j> + a s J u{D s ' 2 d x uf 
= E 1 (t)+E 2 {t). 



FIFTH ORDER KDV EQUATION 13 

Using (II. 2|) and integrations by parts 

J t Ei = cj (D s - 2 d 4 x u) 2 <p' + c J (D s - 2 dlf(t>^ + c J {D s uf^) + 

c j D s {udlu)D s u^ + c j D s {d x ud 2 x u)D s u<j). 

Here, each constant c has a different value. From (|4,6p the second and third term are 
O [{1 + ||c^u|| L i^oo + ||«/ s ^||l5?l2) ll>^' Sn ll|oo i 2^ after integration in time. When we estimate 
the last two terms, we use Lemma 12.31 Since the proof of the two are similar we give a proof 
of the fourth term. 

D s {udlu)D s uct> = 

j \D s (udlu) - uD s ~ 2 dlu - sd x uD s - 2 d A x u - ^ d 2 uD s ~ 2 d x v^ D s u4> 

+ / uD s - 2 dluD s uS + s [ d x uD s - 2 diuD s u<h + / dluD s ~ 2 dluD s u<h . 



The first term is done by Lemma 12.31 Several integrations by parts show that the rest are a 
linear combination of 

d x ii(D s ~ 2 d x u) 2 (f), J u(D s - 2 dlu) 2 4>\ j dlu{D s u) 2 ^ 
d 2 x u{D s u) 2 (t)', f d x u{D s u) 2 (j)", [ u(D s u) 2 ^'". 



Five terms except the first term are O y[l + H^uH^^oo + |[ J s «||_loo£2 J || J s u\\ L oc L 2 J after in- 
tegration in time, (for the second one, we used (|4.6p .) So, we need E 2 to cancel out the 
first term J d x u(D s ~ 2 d x u) 2 (f). Since the method used here is very similar to the proof of 
Proposition 13.14 a sketch is enough. 

-2 J uD s - 2 (d 6 x u + Cl d x (ud 3 x u) + c 2 d x {d x ud 2 x u)^D s - 2 d x ucp+ 

- j dluD s - 2 d x uD s - 2 d x u<j) - c 2 j udluD s ~ 2 d x uD s ~ 2 d x u<j) - a J d x ud 2 uD s ~ 2 d x u<p. 

This consists of terms of degree 3 with respect to u (the number of it's or its derivatives are 
3) and terms of degree 4. 

Terms of degree 3 = J -2uD s - 2 d%uD s - 2 d x u(j) - J d^.uD s - 2 d x uD s - 2 d x u(j) 

= Yl ca '" ,c I K<D s - 2 d b x u) 2 d%4>- 

a+2b+c=7,b>l 
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By direct computation one see c 5 ' 1,0 = 0. Amongst those terms, J d x u(D s 2 d x u) 2 4> is used to 
cancel out the same term from E\(t) by choosing an appropriate coefficient a s and one can 

check the rest are all bounded by O ^(l + || J 3 u\\ 2 Ll LOO + \\J s u\\ 1^-12) sup[ 0j T] ||«/ s it]|^3 J after 

integrating in time. Finally, terms of degree 4 are the following: 

J {c\d x ud 2 u + C2ud x u)D s ~ 2 d x uD s ~ 2 d x u(j) + J uD s ~ 2 d x (c2iid x u + c\d x ud 2 u)D s ~ 2 d x u4>, 

which are bounded by 0(||9 3 ||l°° H^^H 3 r2 ) by integrations by parts and Lemma [2T3T There- 
fore, (|4.5p is obtained by integrating j^E^ in time. □ 

5. Proof of Theorem 11.11 

Let s > 5/2 and set e = s — 5/2. In the subcritical case with the negative critical regularity, 
without loss of generality, we may assume the initial data is small, i.e. 

\\uq\\h s < $o 

for 5q > small enough (to be decided later). More precisely, by the scaling invariance if 
u(t, x) is a solution to (jl.2p with initial data u$ , then u\(t, x) = X~ 2 u(j^, j) is a solution with 

initial data -uo,a(^) = A _2 u (§). Then, ||A~ 2 u (f )\\l^ = A~ 3 / 2 1|^ Hz, 2 and ||A -2 -u (f )\\jj s = 
A~ 3 / 2 ™ s ||iio||£f S . So, we can downsize the initial data by choosing A sufficiently large. Thus, if 
we show that for any uq with ||iio||_f/ s < 5o, there is a unique solution u(t, x) £ C([0, 1], H S (M)), 

then for arbitrary initial data uo, there exists a solution for T > \\uo\\ HS 3 ■ 
From now we set 

\\uo\\h* =$, T = 1 

From the previous local well-posedness result (e.g. [IH]), for a smooth initial data we have 
a unique smooth solution. In view of approximating solutions, the key step is to find an a 
priori bound for ||m||l^>h|. 

5.1. A priori bound. Our goal is to prove 

"There exists So > so that if ||uo||h s < S < 5q, then ||tt||i|?fr| < 65." 

To prove this by continuity argument it suffices to show 

"There exists So > so that if ||uo||,f/s < 5 < Sq and ||u||l^hs < 105, 
then IMIispffi < 65." 

Without loss of generality, we may assume W5q < min(^, 2 a s c )^ wnere defined in (13. 3ft . 
In observance of the energy estimate (13.3H . one need to control ||9 3- u||_li,.l°o. Note that 

Px^IIl^l- < II^IIl^l-- 

Applying Lemma I4T21 (with a = 1, F = c\d x ud 2 + C2ud x u) 

\\% u \\l*.l°° S\ DSu \\l™lI + + WD^idxud^W^ 

+ WD 3 - 1 (ud^u)\\ L 2 tL 2 + \\d x ud 2 u\\ L ^ L 2 + \\udlu\\ L 2 tL 2. 
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By (23), 427 

\\D s -\udlu)\\ L%Ll < \\uD'-W x u\\ L%Ii + p-^llr-^ll^llr^s- 
\\D s -\d x udlu)\\ LlLl = \\D s -\\dl{u 2 ) - \udlu)\\ LlLl 

< \\D s - l dl(u 2 )\\ L , TLl + \\D°~\udlu)\\ LlLl 

< WuD^dluW^ + WuD^dluW^* + \\D s - l u\\ L¥Ll \\dlu\\ L 2 TL ^, 

(5.1) 

L2([0,T]x[j,i+l]) 



\uD s ~ l dlu\\\ 2L2 = UttD"- 1 ^" 2 



3 



< (^H U lli°°([0,T]x[i,i+l]))( su Pll- DS l9 l u \\h([0,T]x\j,j+l])) 

j 3 
=:A-B. 



By Lemma [ 

B<(1+ R 3 u|| L|Lgo + \\J s u\\l ¥L2x )\\J s u\\ 2 L¥Ll . (5.2) 

Hence, 

\\ d l u h$L™ ^ <5 + <y||^u|| L 2, ioo +5(1 + ||^||i^ i oo)(^||u||| oo([0)r]xb - J+1]) J. (5.3) 

i 

Using the Duhamel formula and Lemma 14.41 

(£|MI£»([0,T|x[m+i])) 
j 

< J+ ||a^n|| x ^ + \\ud 3 x u\\ L}rLl + \\D^{d x udlu)\\ L , TLl + \\D^(udlu)\\ L , TLl 
<5+\\d x u\\ L¥Li \\dlu\\ LhL ^ + \\D^{d x udlu)\\ LlLl + \\D^{udlu)\\ LlLl . 

Since 5/4 + 77 < s — 1 = 3/2 + e(by choosing rj < 1/4 ), the repeating previous computation 
we have 

1 /2 

||£ 5/4+ >^u)|| L 2 Lg < tfH^ull^go + 5(1 + \\%u\\ L *Lg>){Z, \\ u \\l°°(lo,nx\i,m)) > 



(^2\\ U \\L~>([0,T]x{j,j+l])) ' £ ^II^^IIl2L-+ 5 ( 1 +II 5 ^IIl2L-)(^ H n lli-([0,T]x[j,j+l])) 7 • 

(5.4) 

Setting 



1(5 
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f(T) := \\d 3 x u\\ L ^ + (E 

3 

by (15. 3|) and (15. 4|) we have 



u 



,2 y/ 2 

lL°°([0,T]x[j,j+l])) > 



/(I 1 ) < 5 + <y/(T) + 5f(T)(l + f(T)). (5.5) 

Using Sobolev's inequality 

1 /2 

/(0) = H^uoIIl- + (Ell u °ll^([i,i+i])) 

i 

By choosing 5 > sufficiently small, we have /(T) < CS. 
Prom ([33]) 

II^'«IIl5?xS < 3||u ||^e c/(T) < 35e c ' 6 . 
Therefore, there is 5o so that whenever 5 < 5q, 

|| J s u\\ioo L 2 < 6(5. 



5.2. Strong convergence. We basically follow the e-approximate method of Bona-Smith 

[3] (see also, [20], [8]) 

We denote by it e (t) the solution of the initial value problem (jl.2p with initial data u = p € * no 
where p e is a mollifier as defined in Section 2. Prom the a priori estimate we have 

1 /2 

\\J s u e \\ L °?L2 + \\9lu e \\ L ^ + (EH ue lli-([o,T]x[j,j+i])) ^ C(T,\\uo\\h*). (5-6) 

i 

In order to establish the existence of a strong solution u(t) as a limit in L^H^. one need the 
following: 

Proposition 5.1. For any T > 0, {u e } e >o converges in the L^H^. norm as e tends to zero. 

Proof. Without loss of generality, we may still assume T = 1 and ||?/o||_ff s = $ < min(#o,<5i) 
,where 5o is found in the previous subsection and 5\ will be decided so as to satisfy smallness 
conditions on the upcoming analysis. Let e > e' > 0. Denote v = u e ,v' = u e (vq = Uq,v' q = 
Uq ) for simplicity. Define w = v — v'. Then w satisfies the equation 

dtw + d^w + ci(d x vd x w + d x wd x v') + C2{vd x w + wd x v') = (5.7) 

and ||u;(0)||if* — > as e tends to 0. We use the standard o(e k ) notation to quantities, for which 

^pr^ — > as e — ► 0. Then, we have ||u/(0)||_h| = o(l) and want to show = o(l). From 

now for simplicity we pretend that d x vd^.w and d x wd^.v' are absent (i.e. c\ = 0). Actually, 
they can be handled by the same estimate used for wd^v' and vd^w. We will explain how to 
handle those terms at the end of the proof. 

First of all, we show the persistence property of the L 2 -norm of w: 

\\w(t)\\ L 2 <\\ U0 \\ HS \\W \\ L 2. 
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Integrating (15. 7|) against w 
1 d „ 



< ll^'lli^lkWIlia +c J d x vd x wd x w. 



Here, in order to cancel out the last term we use the modified energy idea again. But in this 
case since d~ w may not well-defined, we use the inhomogeneous negative derivative J -1 , 
which is a bounded operator in L 2 . Define 



E^(t) := \\w(t)\\ L 2 +a J vJ^wJ^w. 
Note that £° ~ 1 1 w 1 1 jji as long as ||v||l°° is sufficiently small (i.e. ||tto||_f/ s < S±). From ([5.7ft 
J dxvJ^wJ^w = c j d x vJ~ l d 2 x wJ- l d 2 x w + c J dl.vJ- 1 d x wJ- l d x w 



+ c / vJ~ 1 (vd x w + wd x v')j 1 w. 



d_ 
~dt 



Unlike the previous case, our modification of the energy doesn't exactly cancel out the harmful 
term J d x vd x wd x w. But the difference is harmless if the coefficients of the first two terms 
match. 



J d x vd x wd x w — d x vJ 1 d 2 wJ l d 2 w 



< \\d x v\\T,™(\\d x w\\ 2 T2 - II J 1 S 2 -'"- 



v\\l™ \\\o x w\\ L 2 x - \\J o x w\\ L 2 
= c\\d x v\\ L °o( J fw(0 2 d£- J j^w(0 2 dt 

<c||M L oo( j w(0 2 dt) 



= c\\d x v\\ L oo\\w(t)\\ 2 L2 - 

X 

We choose a so that the coefficients of the above two terms are opposite. 
For the rest terms, we use \\J~ 1 d x \\ L 2^ L 2 < 1. 

vJ- x {l%v'w)J- x w < ll^ll^llJ-^^'^II^HJ-^IUi 

< M\us> II J^idh'^Whl \\J~ l w\\i£ 

< |M|/-°° \\(&v'w\\ t2 II W II r 2 

II N-^x II X ll-^ll H-^x 

< \\v \\l°o ||<9;V||l°° 1 1 if 1 1 j2 \\w\\ j2 . 

II 11-^^ II X W^X II H-i^™!! M-^t; 
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Using (|2.4j) and Sobolev embedding 

J vJ-^vd^J^w = J v,r l [dl{vw) - 3dl(d x vw) + 3d x (d?vw) - d x vw] J -1 

£ II^IIl-IMI^ + J vJ^dl^J^dxW, 

j v J~ x d 2 {vw) J~ l d x w = j v[J~ 1 d 2 ]v]wJ~ 1 d x w + J v 2 J~ l d 2 wJ~ 1 d x w 

^ WvWL^WdxvWiooWJ^dxwWli - J vdxvJ^dxwJ^dx-w 
^\\u \\„s \\d x v\\L~\\w\\ 2 L2 . 
Putting them all together we have 



\w(t)\\ L 2 < \\w \\ L 2 exp (C||uo||fl*) (5.8) 



as long as ||uo||h s is small. 
From ([2T2ft and (Oft we have 



\\w(t)\\ Ll =o(e s ). (5.9) 
Next, we turn to To use the modified energy method we define 

E w (t) := \\D s w(t)\\ 2 L2 + \\w(t)\\ L 2 +a s j vD s ~ 2 d x wD s - 2 d x w. 
Note that for small ||iio||fp(i.e. < 5±), we have 

J vD s - 2 d x wD s ~ 2 8 x w < \\v\\ L ~\\D s - 2 w\\ L 2 < c\\J s w(t)\\ L 2 x , 
from which we deduce || J s w(t)\\ 2 L2 ~ E w (t). Our goal is to prove 

J t E w (t) < C(\\uo\\ H ')E w (t), for < t < 1. 

Then since E w (0) = o(l) and E w (t) ~ ||w(i)||ifg, we conclude ||u>(i)||#s = o(l) as desired. 
From ([521) 

l^-\\D s w\\ 2 L2 +c 2 f D s {vdlw)D s w + c 2 J D s {wdlv')D s w = 0. (5.10) 

In order to estimate J D s (vd x "w)D s w, we use the commutator estimate and cancellation with 
4t J vD s ~ 2 d x wD s ~ 2 d x w. After some integrations by parts we have 



j D s (vdlw)D s w= j ^{vdlw) - vD s dlw - sd x vD s d 2 x w - ^ - ^ d 2 x vD s d x w 
+ c j d x v(D s d x w) 2 + c J d x v(D s w) 2 . 



D s w 
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Here each constant c has a different value. 
On the other hand, 



d 



j t J vD s - 2 d x wD s - 2 d x w = J v t D s - 2 d x wD s - 2 d x w + 2 J vD s ~ 2 d xt wD s ~ 2 d x w 
= c J d x v(D s - 2 8 3 x w) 2 + c J d 3 x v{D s w) 2 + c J vD s - 2 d x (vd 3 w)D s - 2 d x w 

+ cj vD s - 2 d x {wdlv)D s - 2 d x w. 

We choose a s so that J d x v(D s ~ 2 d x w) 2 is canceled out in f t E w {t). By Lemma 



D s {vdlw) - vD s dlw-sd x vD s d 2 x w - ^ - ^ dlvD s d x ,r 



2 

£ ||^«l|r«||w||H S + ||^HUs°HU»slMlflS- 

For the last two terms one can use integrations by parts and the commutator estimate to 
show 



D s w 



I 



vD s - 2 d x (vd*w)D s - 2 d x w 



+ 



J vD s - 2 d x {wdlv)D s - 2 d x w 



0{\\ u o\\Hs)\\d x v\\ L oo\\w\\H 



Hence, using (15.6|) 

-c 2 J D s (vdlw)D s w+j t j vD s - 2 d x wD s - 2 d x w < s O(\\u \\ H s){\\w(t)\\h 



(5.11) 



To estimate the second term in (I5.10P we get some help from the global smoothing effect of 
the Strichartz estimate. 



D s (wdlv')D s w < \\D s (wd 3 x v')\\ L 2\\D s w\\ L 2 

< (\\D s w ■ d 3 x v'\\ L 2 + \\w ■ D s d 3 x v'\\ L 2 + \\D s w\\ L 2 \\d 3 v'\\ L ~>) \\D s w\\ L 2 

< (\\D s w\\ L 2 \\d x v'\\ L oo + \\w\\ L 2 \\D s d 3 x v'\\ Lac + \\D s w\\ L 2 \\ LO o) \\D s w\\ L 2 



< \\J s w 



At the last step we used (I5.9p . 
Integrating in time we now claim 



\ 2 + \\J s w\\ L 2o{e s )\\J s+3 v'\\ Lo 



(5.12) 



o(e s )\\D s+3 v'\\ LlLX = o{l) 



(5.13) 
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Lemma 14.21 (or its proof) (choosing a = 1) and Lemma 14.51 lead that for small i? > 



\\D s+3 v'\\aL~ 



< \\D^/^u \\ L i + \\D«*'*+*V%J)\\ a 



LI 



T x 

< ,-5/2-0 , II n s +3/2+i?,/|| „||«3„'|| „ _i_ 
^ e + 11^ v \\L™Ll \\O x V \\l 2 t L^ + 

1 /2 

\\ V '\\l^{[0,T]x[j,j+l})) (sup||D S+3/2+ 0^ / || L 2 ([OjT ] x[iij+1 ] ) 
j 3 

< — 5/2— # , Z' |L/||2 V^ll J~)S+5/2+i?„/|| 

i 

< -5/2-1? , -5/2-0/^,, /|,2 \ 1/2 

j 

u o||ff s c 



where we used (|2.ip and (|5.6p . Hence, for s > 5/2, (|5.13p follows. 
Prom (IBTTTT) and (I5TT31) 

< ii j^ni, + ( (i) + 0(11^11^)11^11^)11^11^. 

Hence, 

\\J S M\l ¥ lI <s (||J^o||^+o(l) + 0(|| U o||^)ll^|| L ^)exp(C||n ||^)- (5-14) 

It remains to estimate \\d^.w(t)\\ L i^ L cx. 

For this, we argue as the proof of the a priori bound. Set 

1 /2 

9T = ||<9>|li4i- + (J2 ll U 'lli-([0,T]x[j,i+l])) • 

3 

Repeating the proof of Lemma H~5l and using (|5.6p and (|5.7p . we get the local smoothing 
estimate for w: 

T fj+1 

\D s - 2 diw\ 2 dxdt) <|| no || HS (1 + \\dlw\\ L 2 LT ) sup || J s wf L2 . (5.15) 

/ [0,T] 

Using Lemma HT21 and (15. 7p for small ||«o||ir», 

\\&M\l* t l T < \\J s M\l ¥ lI + \\D s -\vdlw)\\ L 2 TLl + \\D s -\wdlv')\\ LlLl 

+ \\vdlw\\ L 2 TLl + n^ay ii L 2^g 



< \\J s w\\L ¥ Ll + O{\\u \\H^-\\dlw\\ L 2 TLT + \\D s M\l ¥ liWM\l* t l% 



xHi^ls- + \\d s ~ x v\\l ¥ li\\^ 

+ \\v ■ D^dlwW^ + H^-^IUoc^ll^t/ll^ + \\w ■ D^dlv'W^, 
< WJ'wWlm + \\v ■ D-^wh*!* + \\w D^dlv'W^. 



FIFTH ORDER KDV EQUATION 21 

Lemma 331 §EM and <f5TB yield 

\\v ■ D s ~ 1 dxW\\ L ^ L 2 < (^H v lli^([o,T]x[i,i+i])) ' (sup||£> s " 1 a>|| i 2 {[0iT]xyj+1]) ) 

< O(\\u \\ H s)g T , 



\\w-D s l dlv'\\ L 2 TL 2 < (^Hl£«([o,21x[w+i])) (sup||D s 1 ^u'|| i 2 ([0)T]xb j +1]) ) 
< Odhollifg) S^- 
Using the maximal function estimate (Lemma 14. 4p 

(E II^II 2 ^([o,t]x^ + i])) 1/2 < \\J s w\\ L¥L 2 + IID 5 / 4 ^^^)!!^^ + p^M^Oll^^ 

3 

+ \\v91w\\ L 2 tL 2 x + \\wdlv'\\ L 2 TLl 

^ \\J S w\\l™LI +O(\\u \\ H s)g T . 

Hence 

<s \\J'w\\ L¥L i +O{\\u \\ H s)g T . 
By choosing ||iio||H s sufficiently small, we have 

9T < (1 + 0(|K||j?»))||iu||l°?H|- 
Plugging this into (|5.14p . we obtain 

II J s w\\l™l% S (||^o||hj + o(l) + O(||« ||ifs)||^ s Hll^£g) exp(C||u ||if S ). (5.16) 
Again choosing HmoIIh 8 sufficiently small and using || J s wq \ \ = o(l), we conclude 

P s M\l^lI = (!)- 

We finish the proof by explaining how to handle the intermediate term d x ud x u. In view of 
the equation (|5.7j) of the difference w, we need to handle D s ~ l {d x vd x w) and D s ~ 1 (d x wd x v'). 
From the above computation for ud x u and the identity 

d x (uw) = d x uw + 3dlud x w + 3d x ud x w + ud x w, 



22 SOONSIK KWON 



it suffices to estimate D s ~ l dl{vw), D s ' 1 (d 2 wd x v) and D s ~ l (d 2 wd x v') . By did, ([23]) and 
Sobolev embedding 

WD^dKvw)^ < \\v ■ D s ~ 1 c^.w\\ L 2 + \\D s - l dlv ■ w\\ Ll + \\D s ^v\\ L r \\D 2 +«w\\ Lr , 

1 /2 

X) ll v lli-([o,T]xLj-,i+i])) ( s HPll- D *~ 1 ^ w lli a ([o,nx[jj+i])) 



.7 
1 /2 

^ IHli°°([o,T]x[j,j+i])) ( SU P H- DS " 1 ^ w lli2([o,T]xLj-,i+i])) 



+ \\J Sv \\li\\J s M\li, 

\\D s -\dlwd x v)\\ Ll < \\8%w\\ L ao\\D'- 1 u\\ I 2 + \\d 2 x w\\ L ~\\D s u\\ Ll 
< II^IIlccIID-^II^ + \\J s w\\ Ll \\D s u\\ Li 

where | = ~ + p, r? = | - ± and s-2-77>|-^>. 

We have already handled these terms in the previous analysis. 



□ 



5.3. Continuous dependence. The proof for the continuous dependence is very similar to 
that of Proposition 15.11 We will prove that for given A > there exists 5 > so that if 
IK — ^o||h s < S, then 

\\u - v\\l^lh* < A 
where u and v are the solutions with initial data Uq and vq, respectively. 
From Proposition 15.11 it follows that there exists eo > so that for e < cq 

IK - u\\L^Hg < A/3, 
IK - v\\ L ^ H g < A/3. 
We will prove there is 5 > so that if |K — vq\\ < 8 ,then for some e < eo, 

IK - V e \\L^Hi < A/3. 

Define w = v € — u e . Note |KoK s = ||(K ~~ ,y o)e Hj? s ~ IK — ^o||hj = 8 for small e. The proof 
follows basically that of Proposition 15.11 The equation for the difference is 

d t w + d x w + v e d x w + wd x u e = 0. 

As before we consider the time derivative of the modified energy 

E w (t) = \\D w {t)\\ 2 Ll +a s j v e D s - 2 d x wD s - 2 d x w 

with E w (0) = 0(5). Following the previous argument one can easily check everything works 
except one step, where we used (|2.2p and (|5.9p in estimating (|5.12p 

IK*)IU§ ^ IK0IU2 i o(e s ), 

since wq is no longer of form / — f e . But since |Ko||z2 ~ \\uq — vq\\l2, after fixing e > we 
can choose 5 = 5(e) > so that 

IKWIIl-^II^^IIlu- ;$ fc~ s < Vio. 
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This completes the proof of the local well-posedness for s > |. 
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6. The lack of uniform continuity of the solution map 

In this section we prove Theorem 11.21 As mentioned before, the method used here is 
introduced by Koch and Tzvetkov [13] . 



6.1. Preliminaries. We provide several preliminary results and definitions used later anal- 
ysis. Let 4> £ Cg°(M) be a bump function such that <j)(x) = 1 for \x\ < 1 and 4>(x) = for 
|x| > 2. Let (f) w 6 Cg°(M) be a wider bump function such that (j) w {x) = 1 on the support of 
cp. Note 4><P° = 4>. For < 5 < 1 and A > 1, we set 

In our example we exploit low frequency perturbation in high frequency wave. So, our 
example has a low frequency mass and a high frequency wave on the almost same support. 
We define the low frequency initial data 

uiow(0,x) = -Au\~ 3 (p w \(x), CO = ±1. 

Let ui ow (t,x) be the solution to (jl.2|) with initial data ui ow (0, x). 
Next, define the approximate solution 

u a p{t, x) := ui ow (t, x) — AA 2 s (f)\(x) cos(Xx — A 5 t — u>t) 
= : u low (t,x) + u hi (t,x). 

Note ||uo||_H" s = O(A) uniformly in A, we can choose A > sufficiently small so as to satisfy all 
smallness conditions on ||uo||i/s required in the analysis of the local well-posedness for s > |. 
By doing so, for | < a < s we guarantee the solution u(t, x) exists for < t < 1 and 

\Hl°?h s + \\d 3 x u\\ L 2 TLX < \\uoWh. < A CT - S . (6.1) 



u ap \\L°°H S + \\%u ap \\ L 2 LOO < A — + A CT s + A^~ s . (6.2) 



By direct computations we also have 

2-6 , _ „ . 2-S 

T oo A 

Lemma 6.1. Let s > 0,0 < 5 and a£i. Then, 

4,+S 

lim A 2 s \\cj)x(x)sm(\x + a)\\ m =c\\<p\\ L 2 

Proof. See [13] Lemma 2.3. □ 

Theorem 11.21 is a corollary of the following proposition, showing that the approximate 
solution constructed above is a good approximate solution in the H s sense. 

Proposition 6.2. Let max(0, 2 — 2s) < 5 < 2. Let u u ^\ be the unique solution to the equation 
(11.21) with initial data 



Uu,x(0,x) = -ojX 3 (fi\(x) - A 2 s 4>\(x) cos Xx 

and u a p(t,x) be as defined above. 
5 
2 



Then for s > - 



\v>u,X ~ u ap \\ H g = o(l) (6.3) 
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holds true for \t\ < 1 as A — > oo. 

Moreover, if the equation (jl.2p satisfies that for all t, 

• the L? conservation law in the sense that ||u(i)||£2 = 11^(0)11^2 

• an H s conservation law in the sense that 

\\v(t)\\ H 3 < \\u(0) \\ H s for small \\u\\ H s, 
then (|6.3|) holds true for s > 0. 



( Proposition 1 6. "A implies Theorem By choosing u> = ±1 we obtain two sequences of ini- 
tial data 

u±(0, x) = tA" 3 ^a (s) - A-^-^a(x) cos(Ax). 

Using Proposition 16.21 

\\u+(t) - u^(t)\\ H s = A-^- s ||<Aa(^)[cos(Ax - XH + t)- cos(Ax - Xh - t)]\\ H . + o(l) 
2A"^" s ||0 A (x)[sin(Ax - A 5 i)]|| Hs | sint| + o(l) 



where \t\ < 1. 
From Lemma |6. II 



lim ||ut(i) — u A > c| sint|. 

A— >oo 



Since sini ~ t for < t < 1, we complete the proof. □ 

In the following lemma, we provide several bounds for ui ow (t,x) 

Lemma 6.3. Let K be a given positive integer. Let K — 2 — s > k > 0. 
Then the following estimates hold : 

\\d k x u low (t, -)\\ LHm <K X- 2 -^- k ^ (6.4) 

\\d k x u low (t,-)\\L^(R)<KX- 3 ~ k(4+5) (6.5) 

\\ui ow (t, •) - u low (0, -)\\ L2m < K A" 15 - 35 (6.6) 

Proof. We set a rescaled function 

v{t,x) :=X^u low (X 5i4+5) t,X i+5 x), 

v(0,x) = -LuX~ 3+2( - 4+s K(j) w (x) 

Then v is a solution to (jl.2p with the initial data v(0, x). We obtain 

\\v(0,-)\\ H s =X 5+2S U w \\hs < X 5+2S U w \\hk 

< \ 5+2,5 
X 

and then by Theorem ll.il 

IKV)||^<a-A 5+25 , 

for \t\ < min(l,cA~- (5+2,5) ) and s > 5/2. Since the right hand side of (|6.ip doesn't depend 
on s, it is true for any real K > s > 5/2. By Sobolev embedding we have 

RMv)IIl~<a 5+25 
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for \t\ < min(l,cA-ir( 5+2<5 )) and k + s < K - 2. 

From ()6.ip we can deduce (16. 4|) . (16. 5p by rescaling back 

d k x v{t,x) = X^ +k ^ A+ ^d k x u low (\^ +s h,X 4+S x) 

\\d k x u low {\^h,\ 4+S x)\\ L¥ < A^-( 2 + fc )(4^) 
as long as |t| < min(l, A _ ^~^ 5+2<5 - ) ). Hence, 

\\d k x u low (t,-)\\L^<X- 3 - k{4+S) 

for \t\ < X 20+56 -f-f 5 (in particular, for \t\ < 1). 
Similarly, from 

||9S™(A 5 ( 4 + 5 )t, A 4+5 x)|| Li < A 5 + 2 M^)(4+*) 

we deduce 

ll^(V)||Li<A- 1+ ^- fc ^ 

as long as at least \t\ < 1. 
From ((L2l) 

\\d t ui ow (t,-)\\ L 2 < \\d^.ui ow (t,-)\\ L 2 + ||^m; ou ,||loo||m; ou ,|| L 2 + 
\\dlui ow \\ L oo\\d x u\\ L 2 

< A -15-M 

Integrating in time we have 

H> w (V)-n tow (0,-)||^ < A- 15 " 35 

for \t\ < 1. 



□ 



Note that in this proof < means <k- Later we use Lemma 16.31 for some bounded k. Once 
s is fixed we can choose, for instance, K > s + 100 and regard as K = K(s). 



6.2. The approximate solution. In the following lemma WG stlOW Hap 

defined above solves 

(11.21) with a small error in the H a sense. 



Lemma 6.4. Let s > 0, < 5 < 2 and \t\ < 1. Set 

lap 



F := (d t + dl)u ap + ciu ap dluap + c 2 d x u ap d 2 x u a 



Then, 

\\F{t,-)\\v<\- s - S + \^- 2s (6.7) 

Furthermore, for a > 0, 

\\F(t, < A- 5 ~ S+CT + A^- 2s+CT (6.8) 
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Proof. We decompose F as follows: 

F =: Fi + F 2 + F 3 + F 4 + F 5 + F 6 

^X^IOW ~1 ' 'J IC' '.I "/<)» 



Fl = (<% + dl)ui ow + c\d x ui ow d 2 x ui ow + c 2 ui ow dlui c 



F2 = Uhid x u h i + d x u hi dlu h i 

Fz = -\- A -¥- s [dl4> x \ cos(Ax + /3) 

F 4 = -A-^" s A (9t + dl + u Jou ,^) cos(Ax + p) 

F 5 = -X-^- s {3d x (f)xdlcos(Xx + P) +3^ A a a .cos$ + cos(Ax + ^)a^ A ) 
F 6 = c 2 u hi dlui ow + cid x u hi dlui ow + cidlu hi d x ui ow 

where /? = — A 5 i — u;i. 

By definition of 4>\(x) we have 

d k x Mx) = \~ k ^ s Hd k x 0) x (x). 

F\ = since u; ou , is an exact solution to the equation. In the following estimates of F 2 ,F 3 , F5 
and Fq , the worst term occurs when the most derivatives act on cos(Ax + p). So, we have 
the following estimates. 

F 2 (x) = A-( 4+<5 )~ 2s [4> x {x) cos(Ax + p) dl ($\{x) cos(Ax + P)j 

+ d x ((f)x(x) cos(Xx + /?)) d 2 x (4>x{x) cos(Ax + /?))}, 

I|f 2 || l1 =o(a-( 4 +' 5 )- 2s + 3 +^) 
= o(\ l - 5 ' 2 - 2s ). 

F 3 (x) = -\-^~ s [d 5 x , <j> x ] cos(Ax + p) 

= \~~z~~ s d x (j)\(x) d x ^cos(Ax + 0)j + Better terms, 
\\F 3 \\ Ll =0(x-^- s - ^+^) 

F 5 = -A"^" s (39 :e (/)a9 2 cos(Ax + /3) + 3a 2 A ^cos$ + cos(Ax + /3)^0 A ) 



d x 4>\ d 2 ^cos(Ax + (3)^J + Better terms 



filly =OI A"*— 



) 



OA 



(a- 2 ^- s ). 
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^6 = c 2 u hi dlui ow + cid x u hi dlui ow + cidlu hi d x ui 
= (f>\d x (cos(\x + (3)) d x ui ow + Better terms, 

\\F 6 \\ L 2 =0(\-— 

= o(x s 

Now it remains to estimate F4. For this we use (|6,6p . 

F 4 = -\-^- s <px{dt + dl + ui ow dl) cos(Ax + 0). 
A direct computation yield 

[d t + d x ] cos(Xx - A 5 i - ut) = sin(Xx - X 5 t - ujt) ■ uj 
dl cos{Xx - X 5 t - cat) = A 3 sin(Ax - X 5 t - tot). 
We use the facts that <f>\4>™ = 4>x and ui ow (0, x) = —X 3 uj(fi™(x) to get 

^4(2:) = -\~ ± ¥~~ s (f)\(x) [ui ow (t, x)X 3 — u] sin(Ax — A 5 i — ut) 

= -X~^~ s <j)x{x) [ui ow {t, x)X 3 - ui ow {0, x)X 3 ] sin(Ax - X 5 t - ut) 
\\F,\\ Ll <X^-^X-^ 3S X^ 

= o(x- 12 - s - 3S " 



where we used (|6,6p . 

Next, we analyze HD^-FH^ . For any Schwartz function /, we have 

D a f(X p x) = X pa {D a f)(X p x). 

Each Fi for i = 1, ■ • ■ ,6 is a product of a low frequency function and a high frequency 
function. 

Let f\(x) = f(-ra) and g\(x) = g(X b x) for some a, b > 0. Then, in general by (|2,3|) 
\\D a (fxgx)\\ L 2 < \\fx ■ D°g x \\ L 2 + \\D°f x ■ gxh* + P'AIMIsaIU- 

< X° b (\\\\fx(D°g)x\\ L 2 + \\(D°f) x ■ g x \\ L 2 + \\(D°f) x \\ L 2 ||<7aIU«) ■ 
Thus, by checking above computations we have 

H^ilU* S X°\\Fi\\ L 2 

which implies (|6.8p , □ 

6.3. Proof of Proposition [6T2l We set the difference between the genuine solution and the 
approximate solution 

W U ,X := Uw,A - U ap 

where u^A is the solution to (|1.2|) . 
Our goal is to prove 

||«^,a||/p = o(l), as A -> 00. 
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First, we do the case s > |, where the local well-posedness theory is available. From now we 
denote w := w^^x and u := u Wi x for simplicity. 
From (|1.2p we have an equation for w 

d t w + d x w + ci{d x wdlu ap + d x ud x w) + c 2 (w^!i ap + u<9 3 io) + F = 0. (6.9) 

We find the 1? persistence property first. Arguing as in (|5.8p (using a correctional term), we 
have 

IM*)ll£g £ + II^M^IM*)!^ + ||F(t)|| L 2|M|Li- 

Since to(0) = 0, from flgTJ), (J6J2]) and ([677]) 

HIl^ < II^II^Ll = 0(A~ S ~' 3 ) (6.10) 

for /3 = min(<y,-2=£ + s) > 0. 

For the if s persistence, we argue as in Section [5] and use the L 2 persistence. From ()5.11[) . 

dsn} 

II^IU-L1 i$ + \\w\\L™L'i\\D s+3 u ap \\ L i TL ^ 

+ (ll^lli^ffj + II^u|Ii,il«> + \\ d xUa P \\ L ^L^)\\ jSw \\L^Li}exp(C\\uo\\H-)- (6.11) 
A direct computation yields 

||-D* +3 «««,(t)||ig- < A 1 "*/ 2 < A s . (6.12) 
Using uj(0) = 0, HSU, dE2D, ([6SD, (fBTTOl) . (f6TT3D . in (IBTTT]) we conclude 

ll^ S ^IU°?il ^ (!) 

as A — > oo. 

Next, in the case < s < I we use interpolation between regularity exponents. To get the 
I? persistence of w we use the I? conservation law. From (|6.9p and u = w + u a p we obtain 

<9 t w + d x w + c\(d x wd x u ap + d x wd x w + d x u ap d x w) + C2(wd x u ap + wd x w + u ap d x w) + F = 0. 

Note that the L 2 conservation law yields f cid x wd x ww + C2wd x ww = 0. Again, arguing as 
in (|5.8p we have 

^IK*)IIls < \\d 3 x u ap (t)\\ L ~\\w(t)\\ Ll + \\F(t)\\ L 2. 

From i$6j§ and (|fHD 

IkWIIxg <A- S ^. (6.13) 
On the other hand, from the H s conservation law, we have 

h(t)\\ m < \Ho)\\h> <a 3 - s . 

By a direct computation we also have 

IKp(*)lk<A 3 - s . 

Combining these estimates together we obtain 

H*)lk3<A 3 - s . (6.14) 
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An interpolation between (|6.14p and (16.130 shows 



Ht)\\m < IK*) Ills IK*) II 



3-s 

HSll^WlljJ 



which completes the proof. 
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